The large de ection of an elastoplastic beam with prescribed moving and rotating end conditions is investigated to simulate its air-bending process. A nite difference model is developed and governing equations in terms of rotations of elements were derived. D ue to both geometrical and material non-linearities, only numerical solutions are obtained by using an iteration procedure. F our typical examples with various moving/rotating boundary conditions are shown by graphs. N umerical analyses also show the evolution of the plastic region and the effects of springback and loading path on the deformed pro les.
NOTATION
The following symbols are used in this paper: Large de ections of an elastoplastic beam have been studied extensively in the last few decades. D if culties in the problem lie in both material and geometrical nonlinearities. The large de ection behaviour of an elastoplastic cantilever has been investigated by many authors [1] [2] [3] [4] [5] [6] [7] [8] [9] . A novel technique making use of the large elastoplastic de ection of a beam is air bending of a slender beam, which was rst proposed and studied by Lippmann and co-workers [10] [11] [12] [13] .
In air bending of a slender beam, an initially straight beam clamped at both ends bends by means of an appropriate motion (translational motion and/or rotation) of the two supports in order to achieve a required nal shape. In this way a large elastoplastic deformation of the beam occurs. Lippmann [10] rst studied this kind of large rigid-plastic plane bending of a beam or a metal strip. Thalmair and Lippmann [11] [12] established the fundamental relations for a spatial free plastic forming of a slender beam and provided the rst example, in which an elastic-perfectly plastic Bernoulli beam is deformed by one moving yield hinge. This kind of technology has been demonstrated in industrial applications of the metal-forming process [13] .
To simulate the air-bending process, the present paper investigates the in-plane large de ection of elastoplastic beams with prescribed moving/rotating end conditions. A mass-spring nite difference (M S-F D ) model previously proposed in references [14] and [15] is further developed with consideration of the large de ection effects. Equilibrium and constitutive equations are derived and expressed in terms of elemental rotations. Since the problem involves both geometrical and material non-linearities, an incremental iteration procedure was used to determine the large de ection for given moving and rotating end conditions. F our typical examples are presented to illustrate the adopted numerical procedure. Also, evolution of the plastic regions and the effects of springback and loading paths on the deformation process and nal pro le of the beam are discussed.
FORMULATION
A slender beam under consideration is shown in F ig. 1. This initially straight beam is clamped at ends A and B. Both supporting ends can rotate freely, while end B can also move along any direction within the plane of the gure. For an arbitrary section of the beam, the effect of elastic deformation preceding any plastic deformation can be considered by discretizing the beam into a number of rigid links connected by elastic-plastic hinges. An M S-F D model previously proposed in references [14] and [15] is further developed with consideration of the effects of large de ection, as sketched in F ig. 2a. The present discretization separates the beam into n rigid elements of equal length connected by exible joints (i.e. node points). Assuming that the tensile effect is negligible in air bending, the beam's axis is inextensible, the length of each rigid element L /n remaining unchanged in the large exural deformation process. The mass of the beam rL is concentrated at the nodes; each node has mass rL =n except for end A, which is massless for simplicity in deriving the following equations. These nodes are numbered consecutively, beginning from the xed end A. H ence, the whole beam is modelled with n lumped masses connected by n massless rigid links of length L /n. It is noted that in this discretization the inertia is represented by lumped masses at the nodes, the effect of rotary inertia of the beam elements being neglected. Since both shear and axial deformations are neglected, only exure is admissible; deformation of the beam at any time is entirely represented by rotations of the rigid links y i …iˆ1, 2, . . . , n †. The nodal coordinates X i …t † and Y i …t † …iˆ1, 2, . . . , n † are functions of time and can be described by rotations y i according to the geometry of the model, as follows:
F urther differentiation of these relations with respect to time t yields
The relative rotation …c iˆyi ‡1 ¡ y i , iˆ1, 2, . . . , n ¡ 1 † between each pair of links is resisted by the stiffness of the elastic-plastic rotational spring at each joint, which re ects the exural rigidity of the beam. These springs which is equal to s y bh 2 =6 for a rectangular beam, with b and h being the width and depth of the cross-section respectively. Thus, for elastic deformation, the moment at the ith node, M i , is given by
where CˆnEI =L . For plastic loading, the moment at the ith node, M i , is
where aˆE p =E denotes the ratio of the strain hardening modulus to the elastic modulus. If the largest rotation at a node c ¤ i exceeds the yield rotation angle, and subsequently the bending moment is decreased, the joint will unload elastically. The moment-rotation relation for unloading is governed by
where the range of applicability is limited to c i 5 c ¤ i ¡ 2c y due to the Bauschinger effect if the kinematic strain hardening is assumed. When the rotation at the node is beyond this range, a reverse plastic loading occurs with
The force analysis for a rigid link with the adjacent two lumped masses is shown in F ig. 2b. Equations of motion for this free body relate the nodal forces F X i and F Y i as well as the bending moment M i by
The boundary conditions are
U sing matrix notation, the above equations can be recast into a condensed form as In order to non-dimensionalize the governing equations, de ne
By using these non-dimensional variables, the above equations are recast into non-dimensional form:
Combining these equations gives
where ‰BŠˆ‰A ¡1 Š‰A ¡1 Š T . In view of the fact that most air-bending processes are slow, deformation of the beam can be simulated under quasi-static conditions. Accordingly, the rst two terms on the right-hand side of equation (10) will be neglected in the following analysis. The constitutive relation between the bending moment and the relative rotation angle can be recast into non-dimensional form as
with iˆ1, 2, . . . , n ¡ 1. F inally, the boundary conditions can also be rewritten by using rotation angles y i …iˆ1, 2, . . . , n † as
N ote that the boundary conditions are also functions of non-dimensional time t.
NUMERICAL PROCEDURE
In an air-bending process, an initial straight beam is deformed to a desired nal con guration by controlling the motion of the end supports. To serve this purpose, an incremental, numerical iteration scheme is designed to calculate the deformation of the beam under quasistatic moving-boundary conditions. The beam is divided into nˆ100 segments of equal length with n ‡ 1 nodes. Suppose that the actual con guration of the beam at a certain time instant t is already known, which is entirely described by the rotation angles of rigid links y 1 , y 2 , . . . , y n¡1 , y n …13 † which must satisfy the boundary conditions (12a) and (12b) at time t. The corresponding applied forces and bending moment are
Then, the following steps are carried out incrementally with the dynamic terms in equation (10) with the time interval Dt being disregarded:
1. Starting from the current con guration, the forces and bending moment applied at time instant t, distribution of the bending moment throughout the beam is worked out according to equation (10). 2. D epending on evolution of the plastic region, the relative rotation angles … · c c 1 , · c c 2 , . . . , · c c n¡1 † can be calculated using equations (11a) to (11d) respectively. 3. If the boundary conditions (12a) at time t ‡ Dt are already satis ed, the rotation angles of each rigid link can be calculated using the following recursion relation: 
where the parameters with a top bar pertains to the values in the last step. Then step 2 is repeated until deformation of the beam satis es all the boundary conditions at time t ‡ Dt. 6. Taking the rotation angles …y 1 , y 3 , . . . , y n † from the last cycle between step 2 and step 5, these parameters give an approximate con guration of the beam at time t ‡ Dt. Because the rotation angles used for the matrices ‰SŠ and ‰CŠ in step 1 are the values at time t, an error may be de ned as
where · y y i …iˆ1, 2, . . . , n † are the rotation angles used in matrixes ‰SŠ and ‰CŠ. 7. If Error > 1:0610 ¡10 , then matrices ‰SŠ and ‰CŠ should adopt these updated rotation angles and the whole procedure is repeated until Error 4 1:0610 ¡10 is satis ed.
NUM ERICAL EXAMPLES
In order to verify the above analysis, four examples are presented here. The dimensions and material properties of these beams are given in terms of the following two non-dimensional parameters: aˆ0:1 and bˆM y L =…EI †ˆ0:1. The following four examples are arranged according to increasing complexity.
Example 1 is a cantilever whose tip B moves inward along a line of 608 inclined to the x axis and is free to rotate. The moving-boundary conditions can be expressed as
When tˆ0:1, 0.2, 0.3, 0.4 and 0.5, the progressive deformed pro les of the cantilever are depicted by the curves shown in Fig. 4a . Corresponding bending moment diagrams and curvature distributions are plotted in F igs 4b and c, respectively, where the curvature is normalized by the yield curvature k yˆn c y =L . In order to validate the formulation and numerical calculations, a nite element model was generated using a non-linear nite element analysis (F EA) software package, ABAQU S. F or given tˆ0:1, 0.2, 0.3, 0.4 and 0.5, the deformed pro les obtained from F EA are also indicated in F ig. 4a by the 'cross' symbols. The pro les obtained from the two approaches are almost identical, although the effect of axial force is neglected in the nite difference model. Example 2 is a beam simply supported at both ends. End A rotates at a constant angular rate, while end B moves inward along a line of 308 inclined to the x axis. Thus, the moving-boundary conditions are The moving-boundary conditions can be described as
D eformed pro les, bending moment distributions and non-dimensional curvature distributions are shown in F igs 6a, b and c respectively. In example 4, both ends are rotated in the same direction with the same angular rate. End B also moves inward horizontally. H ence, the moving-boundary conditions are expressed as
D eformed pro les, bending moment distributions and non-dimensional curvature distributions are shown in F igs 7a, b and c respectively. From the given examples, the nal pro le of the beam is governed by the moving-boundary conditions. The 
DISCUS SION

Evolution of plastic regions
The evolution of plastic regions are plotted in F igs 8a to c for examples 1 to 3 respectively. According to the deformation pattern, the whole beam can be divided into three regions delineated with vertical ctitious dashed lines at the s values shown (where sˆS /L is a non-dimensional curvilinear coordinate measured from end A as shown in F ig. 1). In region I, the plastic deformation occurs rst at end A and extends to another end of region I. F urther deformation of the beam leads to plastic unloading at the end of region I and extends in the reverse direction of the development of the plastic region. In region II, the plastic deformation occurs at the middle of the region and extends to both directions. In the positive s direction, the plastic region meets the end of region II; then unloading occurs and extends to the negative s direction. In the negative s direction, the plastic region meets the rst region and continues with reverse plastic deformation of region I. In region III, only elastic deformation occurs for examples 1 and 2. H owever, the plastic deformation occurs rst at end B and extends to another end of region III for example 3. Therefore example 3 obtains the largest portion of plastic deformation in the present examples. Example 4 may be regarded as two beams, each of which is similar to that in example 2, being polar-symmetrically joined together; evolution of the plastic region is shown in F ig. 8d.
Effect of elastic springback
When boundary constraints are released after air bending of a beam, the beam springs back due to elastically unloading. The residual plastic deformation of the beam is of great interest in a metal-forming process. In order to obtain the nal pro le of the beam after elastic springback, further calculation has to be performed based on the pro le of the beam just before unloading. D uring springback the bending moment at every section is reduced and nally vanishes. In elastic segments of the structure this unloading is easily accomplished by removing the elastic curvature that developed as a result of the motion of the ends. In sections where outer bres are plastically deformed before unloading, the relationship between the moment and the relative rotation during unloading is simply linear unless the change in the moment at a section is greater than 2M y . The relative rotation angle after springback at the ith node can be expressed by the relative rotation angle and bending moment before springback: where the superscript ¤ denotes the quantity before springback. If the moment change is greater than 2M y , unloading can make the outer bres of the section experience a reverse plastic ow, due to the material being supposed to obey the kinematic hardening rule. The residual relative rotation angle is then c iˆ2 :0 …23b † F igures 9a to d show a comparison of the con gurations of the beams before and after springback for the four examples, when unloading starts at tˆ0:1, 0.2, 0.3, 0.4 and 0.5. It is assumed that the constraint at end A is maintained while the constraint at end B is released. The pro les after springback can be projected from end A using the calculated relative rotation angles and equation (1) . These examples indicate that the effect of springback becomes signi cant if the beam has experienced a large deformation before unloading, because the level of residual plastic strain is directly related to the plastic strain before unloading.
Effect of loading paths
The development of the strain distributions at any crosssection depends on the history of stress at that location, as do the deformed pro les before and after springback. In the present cases, examples 1 and 2 are used to check F igures 11a and b show the nal con gurations before and after springback and the curvature distribution of the beam under these three loading paths.
The above examples indicate that the loading path has an insigni cant effect on the nal pro le of the beam, as the curvature distributions resulting from the different loading paths only display minor differences. These differences are caused by the complex deformation histories of cross-sections, which involve loading, unloading and reverse loading, although the nal position and rotation of both ends are the same. Also, the different loading paths slightly alter the partition of the three deformation regions. In a practical air-bending process, the loading path should be carefully selected, in order to obtain the required nal pro le of a beam precisely. Although simultaneous loading paths are applied in all these examples, the sequential loading path can also be applied provided the ends move and/or rotate within the allowable limitation, as explained in the next section.
Limitation to the motion of ends
In the present model, the effects of axial force and shear stress are ignored; i.e. only the bending deformation is considered. Consequently, the total length of the beam remains constant during the forming process and any given boundary conditions, including displacements and rotations, should satisfy this restraint. As a limiting case, the moving end of the beam has to be contained in a circle drawn by the undeformed beam of length L , rotating as a rigid body about the xed end (idealized as a plastic hinge), shown as the dotted line in F ig. 12. In reality, the angle of both ends of the beam are constrained by the clamped conditions and thus the moving end of the beam must be well inside the circle described above. F igure 12 sketches the approximate critical loading path of example 1 by the solid line. The dashed lines depict some pro les of the cantilever beam resulting from critical loading paths.
A discussion on the stability of the solution
In order to avoid singularity of the non-linear equations at the beginning of the computation, a small initial imperfection of the beam is assigned. The mode of this imperfection has a similar mode to the anticipated deformation of the beam. G uided by this imposed initial imperfection, the beam deforms in the given mode and the solution of deformation can be uniquely determined. In example 4, although a polar symmetric imperfection is assigned for the beam, the deformation still has to be constrained as polar-symmetric, because the equilibrium con guration is unstable. Otherwise any small computational error would cause the solution to diverge unrecoverably from the polar-symmetric deformation mode to another stable equilibrium con guration. In F ig. 13, the solid lines pertain to stable equilibrium con gurations and the dotted lines pertain to unstable polar-symmetric deformation con gurations. This can be explained by considering a similar case where a simply supported bar is subjected to a compressive axial load. If the bar is initially curved in the shape of a full sine wave, the axial force will cause the sine wave to increase its amplitude; however, this equilibrium conguration is unstable. Any small disturbance may cause a reversal of de ected direction, so that the shape becomes a half sine wave as the compressive force continuously increases [16] . In the present case, the stable equilibrium con gurations will not evolve into a half sine wave due to the rotation constraints at the ends.
Effect of axial force
The effect of the axial force may be incorporated into the model if the bars are assumed to be axially deformable instead of rigid, which is similar to the treatment outlined in reference [8] . The existence of the axial force results in a shift of the neutral axis to a distance away from the centroidal axis of the cross-section; it also reduces the yield bending moment. Thus, the governing equation (10) as well as the constitutive equations (11a) to (11d) should be modi ed accordingly. Even taking these in uences into account, reference [8] demonstrated that the effect of the axial force is negligible for a cantilever, which experiences a large elastoplastic de ection due to the concentrated force applied at its tip. In the present case, the axial strain can be assessed for example 1 with H =Lˆ0:02, as shown in F ig. 14, where the interaction between the bending moment and axial force is neglected. Consequently, elongation of the beam' s axis is also very small. These small strains and elongation indicate that the present results based on the bending-only theory are acceptable, although the effect of the axial force has been disregarded. Fig. 12 The critical loading path and de ections of the beam for example 1 Fig. 13 Comparisons between stable equilibrium con gurations and unstable equilibrium con gurations (in polar symmetric deformation mode) for example 4 
CONCLUSIO N
The large elastoplastic de ection of a beam with the prescribed moving and rotating end conditions has been investigated. An M S-F D model has been developed and numerical solutions are obtained by using an iteration procedure. Four typical examples under quasi-static conditions have been presented in detail. N umerical analyses have showed the evolution of the plastic region and the effects of springback and loading path on the nal pro le of the beam. Although the present analysis has successfully simulated the large de ection of a beam when its ends move/rotate along prescribed paths, the 'inverse' problem, i.e. to design moving paths for the ends in order to produce a desired nal pro le of a beam, remains a topic for further studies.
